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K,-GROUPS, QUASIDIAGONALITY, AND
INTERPOLATION BY MULTIPLIER PROJECTIONS

SHUANG ZHANG

ABSTRACT. We relate the following conditions on a o-unital C*-algebra A
with the “FS property”™: (a) K,(4) = 0; (b) every projection in M (A4)/A lifts;
(c) the general Weyl-von Neumann theorem holds in M(A): Any selfadjoint
element h in M(A) can be written as h = 3.2 A,;p; + a for some selfad-
joint element a in 4, some bounded real sequence {4;}, and some mutually
orthogonal projections {p;} in A with Z;’:Ipi =1;(d) M(A4) has FS; and
(e) interpolation by multiplier projections holds: For any closed projections p
and ¢ in A" with pg = 0, there is a projection r in M(A4) such that
p<r<l—gq.

We prove various equivalent versions of (a)-(e), and show that (e) < (d) &
(c) = (b) < (a), and that (a) < (b) if, in addition, A4 is stable. Combin-
ing the above results, we obtain counterexamples to the conjecture of G. K.
Pedersen “ 4 has FS = M(A) has FS” (for example the stabilized Bunce-
Deddens algebras). Hence the generalized Weyl-von Neumann theorem does
not generally hold in L(H,) for o-unital C *-algebras with FS.

0. INTRODUCTION

Let K be the algebra of all compact operators on a separable Hilbert space
H , and let L(H) be the algebra of all bounded operators on H .

If A isa C”-algebra, we denote the Banach space double dual of 4 by 4™
and the multiplier algebra of 4 by M(A4). We have inclusions 4 C M(A4) C
A™ . For details of multiplier algebras the reader is referred to [3, 7, 11, 14,
24] among others.

Let H, = {{a;}:a; € 4 and Y 7 a;a; converges in norm}. Then H,
becomes a Hilbert (right) 4-module with the A-valued inner product

({a;}, {b,}) = ia;bi for all {a;}, {b;} € H,.

i=1
We denote by L(H,) the set of all “bounded” module maps with an adjoint
and by K(H,) the closed ideal of L(H,) called the “compact maps”. More
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precisely, K(H ) is the norm closure of the set of all “finite rank” module maps
with the form

n
{Zﬁx)y ‘X, Y, € H, andneN}.
i=1

Here for any pair of elements x and y in H,, 6, isdefined by 6, y(a) =

x(y, a) for a € H,. It is well known that

LH)=M(A®K) and K(H,)=2A®K
as C”-algebras (see [24] for details). The definitions of L(H,) and K(H,) are
closely analogous to those of L(H) and K, but many aspects of this analogy
are far from clear.

We call L(H,)/K(H,) the generalized Calkin algebra, and more generally
M(A)/A the corona algebra of 4. The canonical map from M(A4) to M(A)/A
is denoted by 7.

The classical Kuiper’s theorem has been generalized, that is, the unitary group
of L(H,) is contractible in norm if 4 is o-unital (see [17, 25]). One natural
question is whether the analogue of the Weyl-von Neumann theorem is true in
L(H,), or more generally in M(A4), for some C"-algebras (for example AF
algebras). We say that the generalized Weyl-von Neumann theorem holds in
M(A) if M(A) has the following “Weyl-von Neumann property”:

For any selfadjoint element 4 of M(A), there are a bounded
real sequence {4;} and mutually orthogonal projections {p,}
in 4 such that }° p, =1 and h =32 Ap, +a for some
selfadjoint element a in 4. (We shall say that 4 is strongly
quasidiagonal.)

We cannot expect a positive answer in a great generality due to the nature
of the problem. We consider the Weyl-von Neumann property for the class of
C~-algebras with the “FS” property. A C™-algebra A is said to have the FS
property if the set of selfadjoint elements with finite spectrum is norm dense
in the set of all selfadjoint elements of A4 [6, 26]. AF algebras, the Calkin
algebra, von Neumann algebras, and Bunce-Deddens algebras [5; 8, §4] have
the FS property. Various other examples of such C*-algebras will be given in
subsequent papers of the author [30]. It has recently been proved [13] that A4
has FS if and only if 4® K has FS; again iff 4 has real rank zero. A C"-algebra
A is said to have the HP property if every hereditary C”-subalgebra of A4 has
an approximate identity consisting of projections. It is known that 4 has FS
if and only if 4 has HP [26; 6, 2.7]. Recall that the K -groups of AF algebras
and von Neumann algebras are trivial [7]. But the K,-group is not necessarily
trivial for a general C*-algebra with FS. The Calkin algebra and Bunce-Deddens
algebras provide well-known counterexamples [7, 9.3.1; 5; 8, §4; 7, 10.11.4].

This paper is arranged as follows. In §1 we give necessary preliminaries. In
§2-§4, we assume that 4 isa C -algebra with FS (usually 4 is o-unital).

In §2 we shall relate the lifting of projections from A (A4)/A4 to M(A) to the
triviality of K -groups and quasidiagonality of selfadjoint elements in M(4)
by proving various equivalent conditions. L. G. Brown [10] proved, as an ap-

X,y
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plication of the six-term exact sequence of K-theory, that every projection in
M(A)/A lifts if 4 is an app-w”-algebra (this includes all AF algebras). G. A.
Elliott gave a different proof of Brown’s result for AF algebras [19]. Later
M.-D. Choi generalized this result with an elementary proof [15]. We shall
prove that if the generalized Weyl-von Neumann theorem holds in M (A4), then
every projection in M (A)/A lifts, and that every projection in M (A4)/A lifts
if K,(A4) = 0. This generalizes L. G. Brown’s result in [10] (also our proof is
different). As a consequence, we obtain that if the Weyl-von Neumann theorem
holds in L(H,), then K,(4) =0.

In §3 we prove the equivalence of five conditions to the strong quasidiago-
nality of a selfadjoint element in M (A) if A is o-unital. The equivalence of
these conditions was partially established in [23]. Here we also give a different
proof. Consequently, we obtain that the generalized Weyl-von Neumann theo-
rem holds in M (A) if and only if M(A4) has FS, and this implies that every
projection in M (A)/A lifts. Each of these conditions implies that K,(4) = 0
if A is stable. Thus, the stabilized Bunce-Deddens algebras and the Calkin
algebra provide basic counterexamples to the conjecture of G. K. Pedersen “ A
has FS = M(A) has FS”. Various nontrivial counterexamples for “ M(A4)/A
has FS but M(A) does not” will be given in subsequent papers [30].

Any o-unital C*-algebra (not necessarily with FS) has “the interpolation by
multipliers” property: If p and g are two mutually orthogonal closed projec-
tions in 4™, there is & in M(A4) such that p < h <1 —gq (see [11]). If the
above & can be replaced by a projection in M (A), we say that “interpolation
by multiplier projections” holds. L. G. Brown has recently proved that M(A)
has FS if and only if 4 has FS and interpolation by multiplier projections holds
[12]). In §4 we give five conditions equivalent to the interpolation by multiplier
projections in the hope that they will be of use in settling the problem whether
M(A) has FS if A is AF. Combining results of [12] and Theorems 3.1 and 4.2,
we obtain eleven conditions equivalent to the Weyl-von Neumann property.

1. PRELIMINARIES

First of all, we fix some notations. If A4 isa C~-algebra, we denote the set of
all selfadjoint elements of 4 by A4 , and the set of all positive elements of A4
by A, . If p and g are two projections in 4, then p ~ g means that p and
g are Murray-von Neumann equivalent, p < ¢ means that p is Murray-von
Neumann equivalent to a subprojection of ¢, and [p] denotes the Murray-von
Neumann equivalence class of projections containing p. A will denote the
C"-algebra obtained by joining an identity to 4.

We denote the hereditary C™-subalgebra of A supported by an open pro-
jection p by her(p) and the hereditary C*-algebra generated by a set D of
elements in M(A4) by her(D).

1.1. Lemma [20, 2.1]. Let A be a C*-algebra and e, f be two projections in
A such that ||f — fef|| < B < 1/4. Then there is a unitary u € A such that
ufu" <e and |lu—1) <68"*.




796 SHUANG ZHANG

The following proposition was proved for separable C*-algebras in [23]. We
give a proof for the og-unital case.

1.2. Proposition. If A is a o-unital C*-algebra with an approximate identity
consisting of projections, then A has an increasing sequential approximate iden-
tity consisting of projections.

Proof. Let {e;},., be an approximate identity of A consisting of projections
and & a strictly positive element of 4. Then thereare 4, <4, <--- <4, <
in A such that |le; h — h|| < 1/n. Then {e, } is a sequential approximate
identity of A4 consigting of projections. Write"en =e, . Let f = ¢, . There
is n, such that ||f|(1 —enl) Sill is small enough for Lemma 1.1 to apply. Then
there is a unitary u, € A such that lu, — 1| < &, and ulflu; < e - Let
5= u’l‘enlul. Then f, < f, and | f, - enlll < 2¢,. By applying the above
argument inductively, we can construct the desired approximate identity. O

1.3. Definition. An element x in M(A) is said to be weakly quasidiagonal
if there exist @, in A such that a4} = aja; = a,a; = a,a, = 0 for i # j
and x = )0, a,+a for some a in A4, where E;’:l a; is a sum converging
in the strict topology. The element x is said to be quasidiagonal if there exist
mutually orthogonal projections p;, in 4 with Z;’:]pi =1 and q; in p,Ap,
such that x = Z}’:l a; +a for some a in 4. The element x is said to be
strongly quasidiagonal if there exist mutually orthogonal projections p, in A4
with 3 p, = 1 and a bounded sequence {4} such that x =Y ", 4,p, +a
for some a in 4.

1.4. Remarks on 1.3. (1) By Dini’s theorem, it is easy to see that Y ., p,
converges to the identity of M (A4) in the strict topology.

(2) For any bounded sequence {4}, Y7  A,p, converges strictly to an ele-
ment Y o, A,p, in M(A). This follows from the estimate

m m
0<b [Z Milzpi] b* < ||{/1,.}||§ob [Zp[] b* forany b e Aand n< m.
I=n i=n
(3) It is trivial that if x is strongly quasidiagonal, then x is quasidiagonal,
and thus x is weakly quasidiagonal. But the converses are not true in general
since 4 may be short of projections. For example, if A is the ¢y -direct sum
of infinitely many copies of a projectionless C™-algebra, then we can find ele-
ments in M(A) that are weakly quasidiagonal but not quasidiagonal. Similarly,
we can also obtain examples of quasidiagonal elements that are not strongly
quasidiagonal.
(4) The following facts about Definition 1.3 are easily established:
(a) If x in M(A),, is weakly quasidiagonal or quasidiagonal, then the
elements 4;’s and 4 in the sum x = Y_° @, +a can be chosen from 4, .
(b) If x in M(A) , is strongly quasidiagonal, then numbers 4, in the sum

s.a.

x =Y. A;p;+a can be chosen to be real and a can be chosen from 4, .
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In fact, if x = ), ,+ b, then x = x" implies x = Y. (b, + b])/2 +
(b+b")/2. a;=(b,+b])/2 and a = (b+ b")/2 are as desired. Hence (a)
holds. The proof for (b) is similar.

(5) If A has FS and x is a selfadjoint element in M (4), then x is weakly
quasidiagonal if and only if x is strongly quasidiagonal. In fact, for each i > 1
we can find mutually orthogonal projections p;; i and numbers ). such that

- Aol < 1/2'. Then x = Y2 DI A;iD;j +a', where a' isin 4.
1.5. Definition. An element x in M(A) is said to be essentially normal if

m(x) is normal in M(A4)/A. The essential spectrum of x, denoted by g,(x),
is the spectrum of n(x).

We state the following facts [11; 12] as propositions for convenience.

1.6. Proposition. I A has a sequential approximate identity {e,} with e,e, =
e, for n < m, then every selfadjoint element h in M(A) can be written as

h= Z(e"i - eni—l)k(e": - eni—l)
i=1

+00
+ lle, —e,)he, —e, )+(e, —e, hle, —e,)]+a

i+l

Jfor some selfadjoint element a in A and n; / oo (an “essential tri-diagonal
Jorm”). '

Proof. Recursively find e, such that [[(1-e, )he, || < 1/2',i=0,1,2,...
(6, =0). Thenset a =32 [(1 - e, Jhe, —e, )+ (e, = eni_.)h(l -e, )
where the sum is convergent in norm to an elementof 4. 0O

1.7. Proposition. If A is a C"-algebra and the p; are mutually orthogonal
projections in A such that Y0 p, is in M(A), then Y, a; isin M(A) for
any norm bounded sequence {a;} in A such that a; € p,Ap,.

Proof. The conclusion follows from the estimate
m m m
a[Zail [Zaila a[zpila
i=n i=n i=n
m
a lz p,] a
i=n

for any element a in 4, where M is a constant. O

< max ||a,|)’

-0 asm>n— oo

2. K,-GROUPS, LIFTING OF PROJECTIONS, AND QUASIDIAGONALITY

In [10] L. G. Brown proved that every projection in M(A)/A lifts to a pro-
jection in M(A4) if A is an AF algebra (or ‘less’). Later G. A. Elliott gave a
different proof [19] and M.-D. Choi generalized this result by an elementary
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argument without using K-theory [15]. For g-unital C"-algebras with FS, we
relate the lifting of projections to the triviality of K -groups and the quasidiag-
onality and prove a more general result by a new method.

2.1. Examples. the Calkin algebra has FS and a nontrivial K, -group Z (by
[7, 9.3.1]). If A is one of Bunce-Deddens algebras (see [5]), then A is a
simple, separable C"-algebra with FS [5; 8, §4] and K ,(A4) is nontrivial (see [7,
10.11.4]). These C"-algebras provide basic examples of non-AF algebras but
with FS.
2.2. Lemma. Suppose that A isa C*-algebra. If every h in M(A) , satisfying
n(h) = 7z(h)2 is weakly quasidiagonal then every projection in M(A)/A lifts to
a projection in M(A). Consequently, if the general Weyl-von Neumann theorem
holds in M(A), then every projection in M(A)/A lifts.
Proof. If § in M(A)/A is a projection and A, € 7~ '(g), then h= hih, is in
n_'(ﬁ). By hypothesis and Remark 1.4, there exist a;, a in A, such that
h =37~ a+a,where aa; = 0 if i # j. Since n(h) = n(h), b —h e
A, . On the other hand, h -h= E, 1(a2 a;) + a, for some a; € 4, .
Thus b= Z:i=l(cz,.2 —a,) isin A , . Since Z?:l(af —a;) converges to b in
the strict topology and (af - a,.)(af. - aj) =0 for i #j, ¢ = ||a,.2 -al =
||(ai2 - a,.)zlll/2 = ||b(a,.2 - a,.)||”2 — 0 as i — oo. Let n be large enough so
that ¢, < 1/4 whenever i > n. Let J; be the smaller root of #—t— g, =0.
Then o(a;) C (=9;,6;,)U(1=46;, 1+9,). Thus p, =x(5“1+51)(a,.) is in her(a;),
lla; - p,ll <, for i>n,and pp; =0 for i #j. It follows that SenD; =D
defines a projection in M (A).

We claim that p is as desired. In fact, since 6, - 0, Y00 (a,—p,) € 4. It
follows that

== (150 n (£ (e -)
=n(a0)+n(§(ai—pi)>=0. o

2.3. Corollary. If A is a C*-algebra and the generalized Weyl-von Neumann
theorem holds in L(H ), then K (4)=0.

Proof. The following six-term sequence is exact (see [7, 9.3.1]):

Ky(A) —— Ky(M(48K)) —— K (M(A®K)/A®K)
K, (M(A8K)/A®K) —— K, (M(A®K)) —— K,(A)

Since Ky(M(A®K)) =K (M(A®K)) =0 (see[16,3.20r7, 12.2.1]), K|(4) =
K,(M(4® K)/A® K). On the other hand, it follows from Lemma 2.2 that
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every projection in M(4A ® K)/A ® K lifts to a projection in M (4 ® K), and
so K,(M(A®K)) = Ky(M(A® K)/A®K) is onto. Therefore K;(4)=0. O

2.4. Lemma. If B is a unital C"-algebra, p and q are two projections in B,
and p = (2 %) is the decomposition of p with respect to 1 =g+ (1 —q), then
a(a)\{0, 1} =a(1 —c)\{0, 1}.
Proof. First of all, it is easy to see that (&%) is a projection if and only if
a—-a*=bb", ab=b(l-c), c=c*=b"b,0<a<q,0<c<1-gq, |a|<1,
and |c|| < 1. Let 4 ¢ a(l —c)u {0, 1}. Then [I —c—/l]_1 exists in B.
Let f(¢) = (¢t - A)'l . Then f(¢) is continuous on o(1 —¢). Take a sequence
of polynomials p,(t) defined on [-2, 2] such that p,(f) — f(¢) uniformly on
o(1 —c¢). Since ab = b(1 —c), it follows that p, (a)b = bp,(1 —c). It is clear
that p,(1-¢) — f(1-¢)=[1- c—/l]—l in norm and so the restriction of p,(a)
to p, converges in the w"-topology to an element d in p,B**p,, where p, is
the range projection of b. Hence db = b[1 — ¢ - l]"l . Using ab = b(1 —¢)
again, we see that

(@a-Adb=(a-Ab[l—c—A" ' =b[l—c—-A[l —c—A]"" =b.
Therefore, a — A and d are mutual inverses in p,B*"p, . Let

x=d~(1/3)(1-p).

Then x € B* and (a—4)x = p,+(1—p,) = 1. It follows that x is the inverse
of (a—A4) in B*. Thus (a — A) is invertible in B also (see [18, 1.3.10]).
Hence A ¢ a(a). Therefore, o(a)\{0, 1} C a(1 —¢)\{0, 1}.

Similarly, if 2 ¢ a(a)u{0, 1}, then (a—A)"" exists. Using b*a = (1-c)b"
and approximating f(¢) = (¢ - A)'l by a sequence of polynomials uniformly
on g(a), we get an element d, € p,.B**p,. such that b*(a — N = db*.
Then y = d, — (1/A)(1 — p,.) is the inverse of (1 —c—A) in B*. Then
(1 —c—4A) is invertible in B also. Therefore, a(1 —¢)\{0, 1} C a(a)\{0, 1}.
This completes the proof. 0O

G. K. Pedersen pointed out an easier proof for Lemma 2.4 as follows: Assume
that 0 < A < 1. Using the well-known fact that ¢(xy)\{0} = a(yx)\{0} for any
two elements in a Banach algebra, we see that A € o(a) = o(pgp) if and only if
1-A2€a(p-pqp) =o(p(1—4q)p) ifand onlyif 1-1 € d((1-g)p(1-q)) = a(c).

2.5. Lemma. Assume that A is a C"-algebra with FS and two projections p
and q in M(A)/A lift to projections in M(A).

(1) If p L q lifts 10 a projection q in M(A), then we can choose a projection
p Lq suchthat n(p)=p.

(2) If p <G and 7 lifts to a projection q in M(A), then we can choose a
projection p in M(A) such that p<gq and n(p)=p. If p <G and p lifis to
a projection p in M(A), then we can choose a projection q in M(A) such that
p<qand n(q)=7.
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(3) If every projection in M(A)/A lifts, then two commuting projections in
M(A)/A lift to two commuting projections in M(A).

Proof. (1) Let p, and g be any projections in M(A4) with n(p,) = p and
n(q) =q. p Lq implies n(p,q) =0, i.e.,, pg € A. Since A has FS, we can
find a projection p, < p; such that

la(p, — po)all = l(p, — Po)a(p, — Py))II
= |l(p, — Po)(P,4P)(P) — Pyl < 1/4.
Let p,—p, = ( e ’;) be the decomposition with respectto 1 = g+(1—g). Then
a=4q({p,—pya, c=(1-q)p, —py)(1 —4q),and b=4q(p, —py)(1 —g). Then
llall < 1/4 and so ag(a) C [0, 1/4]. It follows that o(c) c {0} U[3/4, 1] by
Lemma 2.4. Therefore, p = x(l/“](c) is a projection in (1 — g)M(A)(1 - q),
ie, p<l—gq.Sinceplqg,

n(p) = n(X(l/z, |](C)) =X, 1](”(C))
= X(]/z, 1]((T - E)E(T - ?)) =D (by [18 s 1-5~3])'
Hence p is what we want.
(2) Let p, and g be any projections in M(A4) with n(p,) =P and n(q) =7 .
Then n(p,q) =pq=p,since p<q. Then p,g—p, € 4 andso p, (1 —q)p, €
p,Ap, . Since A has FS, we can choose a projection p, in p,Ap, such that

l(p, = p)lp, (1 = @)D, 1Py — P)Il = (P, = P)(1 = @) (P, — Pl < 1/4.

(Just take p, as a member of an approximate identity of p, 4p, consisting of
projections.)

Let p, —p,= (2 %) as above. Then

llell =111 = q)(py — Po)(1 = @)l = (P, — Po)(1 = @) (P, — Pyl < 1/4.
It follows that o(c) C [0, 1/4], and so a(a) C {0} U[3/4, 1] by Lemma 2.4.
Therefore, g(t) = x“/zy”(t) is continuous on o(a) and so g(a) = p is a
projection in gM(A)g. We claim that p is as desired. In fact, by [18, 1.5.3],

n(p) = n(f(a)) = f(n(a)) = f(n(q)n(p, — py)n(q)) = f(@Pq) = f(P) =D,
since m(p)) = 0 and p < g. p < g is clear. For the second sentence of
the conclusion, by applying (1) to n(p) and 1 -7, we can find a projection
g, € M(A) such that ¢, L p and n(q,) =1-7.Let g=1 —q,. Then p<gq
and n(q)=79.

(3) Let p and g be two commuting projections in M(A)/A. Then F=¢gp
is a projection. By hypothesis, p lifts to a projection p in M(A4). Since
7 < P, we can find a projection r € M(A) such that r < p and n(r) =7 by
(1). Since g —F L P, (2) applies, so we can find a projection g, € M(A4) such
that n(q,) =q—7 and ¢, L p. Let g =g, +r. Then pg = gp = r and
n(q)=mn(q) +n(r)=9¢. O

The following theorem gives characterizations of the liftability of projections.
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2.6. Theorem. If A is a g-unital C*-algebra with FS, then the following state-
ments are equivalent:
(a) Every projection in M(A)/A lifts to a projection in M(A).
(b) Every essentially normal element in M(A) with finite essential spectrum
is strongly quasidiagonal.
(c) Every element h in M(A) with n(h) = 7t(h)2 is weakly quasidiagonal.
(d) For any projection § in M(A)/A, there exists a selfadjoint element h
in n='(q) with a “tri-diagonal form” (as in Proposition 1.6)

a, b 0
by a, b,
h= b, a, b,
b; a, b,
0

such that ||b,|| < 1/2 — ¢ for some ¢ with 0 < ¢ < 1/2 and for
infinitely many n. Here a, = (e, —e,_,)h(e, —e,_,) and b, =
(e,—e,_,)h(e,., —e,) for some increasing sequential approximate iden-
tity {e,} of A consisting of projections.

Proof. (b) = (c) is trivial.

(c) = (a) follows from Lemma 2.2.

(a) = (b) Let 4 in M(A) be an essentially normal element with finite essen-
tial spectrum, say o,(h) = {4,, 4,, ... , 4,} . Then there exist mutually orthog-
onal projections p,, P,, ..., P, in M(A)/A such that n(h) = E;’zl AD;. By
applying Lemma 2.5 repeatedly, we find mutually orthogonal projections p,,
Dy» ... D, € M(A) such that n(p;) =P,. It follows that n(h—3 ) ,A.p,)=0.
Let p,,, = 1-Y._,p, and 4,,, = 0. Since 4 is o-unital, the algebras
her(p;,) (1 < i< n) are all g-unital (see [11, 3.34]). Since 4 has FS, every
her(p;) has an increasing sequential approximate identity consisting of projec-
tions by Proposition 1.2. We can write p;, = Z;’:lpij (1<i<n+1) for
some mutually orthogonal projections p, ; in p,Ap;, with the sums converg-

n+l

ing in the strict topology. Therefore, Y\  A.p;, = Z;’;’l i1 AP ;» Where
Aij=dy=Ap=-=Ay, = for 1<i<n+land h=32 A .p +a

for some a € 4. It is clear that )_p, ;=1. Thus h is strongly qulas]idiagonal.

(a) = (d) For any projection g € M(A)/A, let g be a projection in n! @) .
Since A is g-unital with FS, we can write ¢ = Y, r, and 1 —¢ =372 r} for
some mutually orthogonal projections r,, r,'. in A, where the sums converge
in the strict topology. Let @, =r,+r, and b, =0 for all i. Then g has the
desired form.

(d) = (a) Since n(h) =7, n(l-h)=1-7,and so n(h(1—h)) =0. Then
h(1 —h) =a is an element in 4. If n is large enough, we have

I(1—e)a(l —e,)ll <&—é.
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Since

2

(1-e)a(l-e,)=(l—-e)h(l-e,)—(1—-¢,)h" (1-e¢,)

= (1-e)h(1 —e,) = [(1-e,)h(1-e,)]
- (1—e,)heh(1~e,),

n

2

it follows that
(1 —e,)h(1 —e,) — [(1 —e,)h(1 —e,)I|
<1 —eya(l —e,)ll +1I(1 —e,)he,h(l —e,)]
<e—&+|(1—e)he | =c—e +|b,|
<e-&+(1/2-¢e)=1/4
for an appropriate n. Let 4, = (1 —¢,)h(1 —e,). Then n(h,) = n(h) =7

n
since e, € A. Moreover |A, — h,zlll < 1/4 implies that a(h,) # 1/2. Let ¢
x(l/z’”(hn). Then g, € M(A4) is a projection and 7(g ) = x“/z,l]( n(h,)
Xy, l](7) =g . This completes the proof. O

.

;

2.7. Corollary. If A is a o-unital AF algebra, then every essentially normal
element in M(A) with finite essential spectrum is strongly quasidiagonal.

Proof. Since every projection in M(A)/A lifts (see [10]), Theorem 2.6 ap-
plies. O

2.8. Lemma. If A is a C*-algebra and a projection p in M(A)/A lifts to a
projection p in M(A) such that her(p) has an approximate identity consisting
of projections, then q§ € M(A)/A lifts to a projection q in M(A) whenever
q ~ D, moreover q can be chosen such that q ~ p — p, for some projection
D, € her(p).

Proof. Since p ~ @, there exists a partial isometry ¥ € M(A)/A such that
U0 =¢ and v'U =p. Let v be a preimage of T in M(A) Since n(vp) =
n(v)n(p) = Up = U, we assume that vp = v. Since n(v'v —p) =0, a =
v*v —p is in pAp. By hypothesis, we can choose a projection Py < p such
that p, € pAp and |(p — po)(p — v v)(p — py)l < 1. Let x = (p — py)v v (p -
py)- Then x is invertible in (p — p,)M(A4)(p — p,). Let y be the inverse
of x in (p—pO)M(A)(p py), i€, yx =xy =p—p,. Then y > 0. Let

y'2* = u. Then uu" = yl/zv"‘vyl/2 y2xy12 = p — p,- It follows that

u is a partial isometry in M(A). Clearly, n(x) = n(p)’ = F, since py € A.
Consequently, 7(y) = z()7(p)’ = #(y)n(x) = n(yx) = n(p — py) = P. Hence
n(u) = n(y'"*)n(v*) = pr(v)* = 7", and so g = u"u is a projection satisfying
qg~p-p,. Itisobvious that n(q) =g. O

2.9. Remark. The conclusions in Lemmas 2.5 and 2.8 are true in general for the
quotient of a C™-algebra by a g-unital closed ideal with FS. This generalization
is obvious from the proofs.
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2.10. Theorem. If A is a C*-algebra with FS, then the following statements
are equivalent:

(a) K (4)=0. B
(b) Every projection p in L(H,)/K(H,) with 1 <P lifts to a projection in
L(H),).

(c) Every projection in L(H,)/K(H,) lifts to a projection in L(H ).
If A is o-unital, then the following two statements are equivalent to (a)- (c):

(d) Every essentially normal element in L(H ) with finite essential spectrum
is strongly quasidiagonal.
(e) For any projection q € L(H,)/K(H,), there exists a selfadjoint element

h e n~(q) with a “tridiagonal form” (as in Proposition 1.6)

a, b 0
by a, b,
h= b, ay b ,
b; a, b,
0 .

such that ||b,|| < 1/2 — ¢ for some & with 0 <& < 1/2 and infinitely many n.
(Notation as in Theorem 2.6.)

Proof. (c) & (d) < (e) follows from Theorem 2.6.

(c) = (a) follows from the proof of Corollary 2.3.

(a) & (b) K, (M(A®K)/A®K) = {[p]:P is a projection in M(ARK)/A®
Kand1 < p} by [16, 3.6]. Since K (4) = K,(M(4® K)/A® K) (see [7,
12.2.1]), *K,(4) = 0’ implies that p ~ 1 whenever 1 <P. Since 4® K has
FS [13], Lemma 2.8 applies.

(b) = (c) Let g be a projection in L(H,)/K(H,). We write the identity of
L(H,) as 1®1, where | in the first coordinate represents the identity of M(4)
and 1 in the second coordinate represents the identity of L(H). Let v be an
isometry with infinite-dimensional corange in L(H). Then 1®v € 1® L(H) C
L(H,),and (1®v")(1®v)=1® 1. Hence

IT=2(1®1)~72(1®1-(18v)(180"))
<T-n(1ev)gr(lev’)=7,.
By hypothesis, g, lifts to a projection ¢, in L(H,). Then n(1®1-g,) =
1-7, =n(1®v)gn(l ®v"). It follows that 1 -7, ~ 7. Since A has FS,
her(1®1—g,) has an approximate identity consisting of projections. Therefore
Lemma 2.8 applies, and so ¢ lifts to a projection in L(H,). O

2.11. Corollary. If A is a C*-algebra with FS and K,(4) = 0, then every
projection in M(A)/A lifts.

Proof. First, we identify M(4) with M(4)®e,, and 4 with 4®e,,. Then
M(A)/A can be identified with (M(4)®e,,)/(A®e,,), which is isomorphic to
(M(A)/A)®e,, .
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Let g, be any projection in (M(4)/4A)®e,, C M(A® K)/A® K. Since
K,(A4) = 0 if and only if every projection in L(H,)/K(H,) lifts, g, lifts to
a projection in M(A® K). Since g, L n(1® (1 —¢;,)) and 4® K has FS,
Lemma 2.5 applies. So we can find a projection g, € M(4 ® K) such that
g, L 1®(1—¢,) and n(q,) =¢q,. Hence ¢, < 1®e,. This completes the
proof. O

2.12. Corollary. If B is any C"-algebra and A is a closed ideal of B with FS
such that K,(A) =0, then every projection in B/A lifts to a projection in B.

Proof. Let 1: B/JA — M(A)/A be the Busby invariant of the extension 0 —
A—-B—-B/A—01[7,152.1]. Let C={(a,b) e B/A®M(A): n(b)=1(a)}.
Then C is the pullback of (B/A4, M(A)) along (t, ). Thus B is naturally
*-isomorphic to C [7, 15.3.2]. Let p be any projection in B/4. Then 7(p)
is a projection in M(A)/A. By Corollary 2.11 we can find a projection p in
M(A) such that n(p) = 7(p). Hence (P, p) is a projection in C. Let ¢ in B
be the projection corresponding to (P, p) via the “-isomorphism between C
and B. Then ¢ lifts the projection p. O

3. CHARACTERIZATIONS OF QUASIDIAGONALITY

It was proved in [23] that if A is a separable closed ideal of a C*-algebra
B with FS (necessarily 4 has FS also), then every selfadjoint element of B is
quasidiagonal with respect to 4. In this section, under the assumption that A
is a o-unital C”-algebra with FS, we study the quasidiagonality of selfadjoint
elements in M(A) (M(A) may not have FS as we will see). We prove that
a selfadjoint element of M (A) is strongly quasidiagonal if and only if it can
be approximated in norm by selfadjoint elements with finite spectra. As easy
consequences, under the assumption that 4 has FS, the generalized Weyl-von
Neumann theorem holds in M (A) if and only if M(A) has FS. If A4 is stable, a
necessary condition for these two equivalent conditions is that K, (4) be trivial.
It will be clear from the proof, that some of the following results are still true
for a C*-algebra B and its c-unital closed ideal 4 with FS although we will
not state them in such a general form.

Some implications of the following theorem have been proved in [23].

3.1. Theorem. If A is a g-unital C"-algebra with FS and h is a selfadjoint
element in M(A), then the following statements are equivalent:

(a) h is strongly quasidiagonal.

(b) For any € > 0, there exist a bounded real sequence {A;} and mutually
orthogonal projections p, € A such that Y72 p, =1 and ||h — Yo Apll<e.

(c) There exists a sequential approximate identity {p,} of A consisting of
projections (not necessarily increasing) such that ||p,h — hp, || — 0.

(d) There exists an increasing sequential approximate identity {q,} of A
consisting of projections such that ||q,h — hq,|| — 0.

(e) For any € > 0, there exist a bounded real sequence {A,} and mutually
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orthogonal projections p; € A such that 3.2, p; =1 and h=3Y7, A.p,+a for
some a in A with |a| <e.

(f) For any € > 0, there exists an element f, in M(A),, with finite spec-
trum such that |h - f|| <e&.

Before we go into the proof of the theorem, we state the following corollary.

3.2. Corollary. Suppose that A isa a-unital C*-algebra with FS. Then the gen-
eralized Weyl-von Neumann theorem holds in M (A) ifand only if M(A) has FS.
Any of these two equivalent conditions implies that every projection in M(A)/A
lifts to a projection in M(A). If, furthermore, A is stable, then ‘K ,(A4) =0 "is
a necessary condition in order that the generalized Weyl-von Neumann theorem
holds in M(A).

Proof. The second conclusion follows from Lemma 2.2. The first conclusion
follows from the equivalence of (a) and (f) in Theorem 3.1. O

3.3. Remark. An easy consequence of Theorem 3.1(b) is that if 4 is o-unital
with FS, then the set of elements of the form Y )2, 4,p; for some {A;} in [
and a sequence of mutually orthogonal projections {p;} in 4 with E;’:l p;=1
is norm dense in M(4),, if and only if the generalized Weyl-von Neumann
theorem holds in M(4). Notice that A — Y ° A,p; in Theorem 3.1(b) is not
necessarily in 4. Hence (b) and (e) seem to state two different things, but they
are actually equivalent.

Now we prove the theorem. We will prove the equivalences in the following
pattern: (c) < (d) in 3.4; (d) = (e) = (b) in 3.5; (b) = (¢) in 3.6; (e) =
(a) = (d) in 3.7; (b) & (f) in 3.8.

3.4. Proof of (c) & (d). (c) < (d) is trivial.

(c) = (d) We may assume that ||| = 1. Let ¢, \, 0 with ((-:1/48)2 <1/4.
Let ¢, = p, . Since p,, — 1 in the strict topology and ||p,,h—hp,, || — 0, there is
m, > 1 such that ||g,(1 —pml)qlll < (81/48)2 < 1/4 and ||pm|h—hpm||| <eg/2.
By Lemma 1.1, there is a unitary u, € A such that lu, — 1|| < &,/8 and
uqu; <p, -Let g = u’[pmlul. Then ¢, < ¢, and

a2k = hayll < NPy, = hp,, | + (9, = £,y )2 = h(ay = 2, )l
<e,/2+2la,~p, |
=&,/2+2|p,, (u, — 1) = (4, = Dp,, |
<& /2+4|u, -1 <e,.
Repeating this argument, we get
(1) lp,, h—hp, |l <é&;/2 for some m, / oo;

(2) u; is unitary in A with lu,— 1] <¢;/8;
() g, = “:pm,“i’ 9y < 4; < 4y and lgh - hg|| < g for i =
0,1,2,.... (Here my=1 and Ug=1.)
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It remains to show that {g;} is an approximate identity of 4. Let b be any
element of 4. Then
(1 = g;, bl = llu; (1 =Py ;0]

<N =p,, ), = DbI + [[(1 = p,, )0

< lu; = U2+ 1I(1 = p,, )bl = 0,
since ||y, — 1|| = 0 and {p,, } is an approximate identity of 4. ((c) < (d) is
true for any element 4 in M (A4), not necessarily selfadjoint.) O
3.5. Proof of (d) = (e) = (b). (e) = (b) is trivial.

(d) = (e) By a minor modification of the arguments of [22] we recursively

obtain a sequence n, / oc such that ||(g, — ¢ _.)h(l -q,)ll < f:/2'+2 for
i > 1. Then we write & (in 4™) as

oC

h=73 (4, —4, )4, —4, )

i=1

nl

)+ (q, —q, )r(l-g,)]

i—1 i i—1 i

+_[(1-4,)h(g, g,
i=1

It is easy to check that the second sum above is convergent in norm to an element
a €4 with ||d'|| <267, 1/2"% < ¢/2. Thus

o0

h—-d'=3 (4, —4q, ), —4, )eMA).
i=1

Since A has FS, the algebra 4, = her(q, — g, _]) has FS. We can find a self-
adjoint element y, € A4, with finite spectrum {tij : 1 £ j £ r} such that
llx; =yl < z-:/2'+l , where x, = (qnl —d, )h(qn‘ - qn'_l). Consequently,

h—Zly,. Zl(x,'_y,')
1= 1=

It is clear that the sum ZZI y; converges to an element in M (A) in the strict
topology and Z‘i’:l (x; —y;) converges in norm to an element in 4.

By operator calculus, we write y, = Z;f:l 1P for some mutually orthogonal
projections p,; € A, (j =1,2,...,r,) such that Y= 4, — 4,  for
each i > 1. Then Ele Z;’zl p;; = 1 since {qnl} is an approximate identity of
A. Therefore, h=y;2 3, t;;p;+a, where a= d+3¥Y% (x,~y,)€A and
lall<e. O

o0

h-—in

i=1

w .
<+ /2" <

i=1

< +

3.6. Proof of (b) = (c). Let ¢, \, 0. By hypothesis, for each n we can

find a bounded real sequence {ti(n)}fzl and a sequence of mutually orthogonal

projections {p,(n)} C 4 such that . p,(n)=1 and ||h =377 t,(n)p,(n)| <
e,. If g,(n)= Z:’;] p;(n), then {q,,(n)},._, is an approximate identity of 4

m=1




K,-GROUPS AND MULTIPLIER PROJECTIONS 807

foreach n. Let {e,} be a fixed increasing approximate identity of A4 consisting
of projections. (The existence of such an approximate identity is guaranteed by
Proposition 1.2). Using Lemma 1.1 repeatedly, we get

m; > 1, u, € U(A) with lu, - 1] < 1/2 and u,e,u; < q,, (1);
my>m,, u, € U(A) with |lu, - 1] < 1/2° and wye,u; < q,, (2);

m;>m,_, u €U(A) with |u, - 1|| < 1/2" and u,e,u § <4, ();

Let p, = g,, (n) for each n. We claim that {p,} is an approximate identity of
A (not necessarily increasing) and |p, 4 — hp,|| — 0. In fact, for any element
a€A wehave 0<a*(1-p,)a<a*(l-u,e,u,)a. Then
la*(1-p,)all < l|a"(1 - u,e,u,)al
<lla*(1-e,)al +lla* (e,
" 2
<lla (1 —e))al + llall"lle,(u, — 1) — (u, — De,|
* 2
<lla (1-e,)al +2||al|"|lu, — 1] — 0.

*
—u,e,u,)al

Hence {p,} is an approximate identity of 4. On the other hand,
P, [h - Z t,(n)p(n)| - [h Zt n)p,(n) ]
lh Zz <2, -0,

since p, commutes with Y t.(n)p,(n). O

3.7. Proof of (e) = (a) = (d). (e) = (a) is trivial.

(@) = (d) Let h = Y;2, A,p; + a, where Zf:lpi = 1 and the p,’s are
mutually orthogonal projections of 4, and a€ 4. Let ¢, = ZLI p; for each
n>1. Then {g,} is an approximate identity of 4 satisfying

g, (h - Zm) - (h - Zl,-pi) g,
i=1 i=1

= max{|lg,a(l —g,)l, (1 - g,)aq,ll} < lg,a(1 —g,)| =0,

since g, commutes with >-° Ap.. O

P,k = hp,|l =

<2

”qnh - hqn” = = ”qna - aqn“

3.8. Proof of (b) & (f). (f) = (b) By hypothesis, there is an element f, €
M(4),, with finite spectrum {¢,,¢,,...,¢,} such that ||h - f|| < &. By

s.a.

operator calculus, there are mutually orthogonal projections e, , e,, ..., e, in

M(A) suchthat f, =" te,. Since 4 is o-unital, algebras her(e;) (1<i<

i=1"ii

n) are all o-unital (see [11, 3.34]). Since 4 has FS, by Proposition 1.2 there
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are mutually orthogonal projections p,; €4 (1 £J) such that E;";] p;=¢
for ea?h i. Rename {p;;} by {p;} and {4;} by {u;}. Then f = Z;’:lyjpj
as desired.

(b) = (f) By hypothesis, for any ¢ > 0 there exist a bounded real sequence
{4;} and mutually orthogonal projections p, € 4 with Z‘i’:l p; = 1 such that
Ih = S0, Ap;ll < €/2. Let u=inf,{4,} and u' =sup,{4;}. Choose n large
enough such that (4’ — u)/n < ¢/2. Take a subdivision of the interval [u, ']
with n subintervals:

Bo=tg < py < py << p,  <py =4
such that u, —pu, = —u)/n for i=1,2,...,n. Let
ei = Z pn
{nm_ <A, <p}
foreach i=1,2,...,n. Then ¢; € M(A) by Proposition 1.7. Since the {e,}
are mutually orthogonal, Z;;l U,_,e; has finite spectrum. Therefore,

n o0 e n
h= 1 e h—Z%l’; Z}‘jpj_zﬂi—lei
i=1 J=1 J=1 i=1

We now turn to a brief view of the quasidiagonality of general elements (not
necessarily selfadjoint) in M (A4).

< + <e. 0O

3.9. Proposition. If A is a C"-algebra with an increasing sequential approxi-
mate identity consisting of projections and x is any element in M(A), then the
following statements are equivalent:

(a) x is quasidiagonal.

(b) Forany € > 0, there exist mutually orthogonal projections p; in A such
that Y72, p, =1 and |x = X2, pxpll < e.

(c) There exist a sequential approximate identity {p,} of A consisting of
projections (not necessarily increasing) such that ||p,x — xp,|| — 0.

(d) There exists an increasing sequential approximate identity {q,} of A
consisting of projections such that ||q,x — xq,|| — 0.

(e) Forany ¢ > 0, there exist mutually orthogonal projections p; in A such
that 30, p, =1 and x = Y72, p,xp; + a for some a in A with ||a|| <e.

Proof. We leave it to the reader to check that a minor modification in the proof
of Theorem 3.1 will yield this proposition. 0O

3.10. Proposition. If A is a o-unital C"-algebra with FS, then the following
two statements are equivalent:
(f) The set of normal elements of M(A) with finite spectra is norm dense
in the set of all normal elements of M(A).
(g) For any normal element x in M(A) and any € > 0 there exist mutually
orthogonal projections p; in A and a bounded complex sequence {2}
such that Y0 p;=1 and |x =Y Apll <e.
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Moreover the above two statements imply that every normal element in M (A)
is strongly quasidiagonal.
Proof. The proof is left to the reader.

4. INTERPOLATION BY MULTIPLIER PROJECTIONS

If A is a C”-algebra, we say that the interpolation by multiplier projections
holds if: Whenever two closed projections p, and p, in A™ are mutually
orthogonal, there exists a projection r in M(A4) such that py <r < 1-p,.
Equivalently, if a closed projection p, and an open projection p in A™ satisfy
p, < p, then there exists a projection r in M(A) such that p, <r<p.

Recently L. G. Brown [12] proved that under the assumption that 4 is a
o-unital C*-algebra with FS, then M(A) has FS if and only if interpolation
by multiplier projections holds. Consequently using Theorem 3.1, we obtain
that the generalized Weyl-von Neumann theorem holds in M (A) if and only if
interpolation by multiplier projections holds.

In this section we will prove five conditions equivalent to interpolation by
multiplier projections. Thus these are equivalent to the six conditions in Theo-
rem 3.1. We are hoping that these conditions give various possible ways to see
when the generalized Weyl-von Neumann theorem holds in M(A4).

The following lemma will be useful later, which can be regarded as a gener-
alization of [21, 3.2] from separable AF algebras to g-unital C*-algebras with
FS. The proof borrows ideas from [20].

4.1. Lemma. Let A bea o-unital C*-algebra with FS and B a o-unital hered-
itary C*-subalgebra of A.

(a) For any increasing sequential approximate identity {r,} of B consisting
of projections, there exists an increasing sequential approximate identity {p,} of
A consisting of projections such that r, < p, for each n.

(b) If B is an ideal of A, for any given increasing sequential approximate
identity {p,} of A consisting of projections, there is an increasing sequential
approximate identity {r,} of B consisting of projections and n,, / co such
that r,, < Py for each m .

Proof. (a) Let {g,} be any sequential increasing approximate identity of A
consisting of projections, and let ¢ > 0. Since ||(1—g,)r,|| — O, we can choose
m, large enough so that ||r (1 - qml)rl” is small. Then by Lemma 1.1 there

exists a unitary element u, in U(A4) such that
luy =1l <&/2 and uru <gq,.

Then
* * .
ryS Uy, 4y Suq,uy ifn>m.

Choose m, > m, such that ||(r, — r))[(1 - r)) - (u’l’qmzu, = r)l(r, = )l
is small enough. Then we can use Lemma 1.1 again to get a unitary u’2 in
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U((1- rl),zf(l —r,)) such that
! 2 ! ! % *
lluy = (L =r)ll < &/2° and uy(r, = r)u, <uq, u, —r,.
I 2
L:at*u2 = u2+rl'* Then Upry = Iy = 1y, Il —*l|| < 8/2* ,*and r, <
Uyl G,y Uy Uy < Ul G, U Uy if n>m,. Also r, = u3rju, < Uplhy Gy, Uty <
* *
“2“1‘1’,.2“1“2-
By induction, we can find a sequence m, /" oo and a sequence of unitaries
{u,} in U(A) such that
(1) Jlu, = 1] < &/2%;

(Z)ur—ru ri,i=1,2,...,n—1;
*x  * * % * ok
(3) ri < unun 1’ u2 lqm,uluZ'”un—-lun S unun-l'“uZulqmnuluZHO
u, u, fori=1,2, , N,

Define u, = Hi:l u,. Then u, is well defined in A, since

”uluz...u _uluz...un”

m
= ||uluz'”um—l(um -D+ U ”'um—Z(um—l -1
+otuypu,(u, = Dl
m m )
< ) llu—-1i< Y e/2' =0
j=n+1 Jj=n+l

as n / oc. It is easy to see that |lu, — 1] < & since
n oo i
. . j
e, = 1l = lim Jluyuy - u, = 1] gnlggozuuj— 1<) e/ =e.
Jj=1 Jj=

Let p, = u.q,, u,. Then {p,} is as desired.

(b) If B is an ideal of A4, we take any increasing approximate identity {r' }
of B consisting of projections. Then by repeating the arguments in the proof
of (a), we can get a unltary u, e U (A) and some n, / oc such that r <
uepn u,. Let r, = ugrmu‘5 (m >1). O

We give five conditions equivalent to the interpolation by multiplier projec-
tions in the following theorem. First we recall a result on the relative positions
of two hereditary C”-subalgebras. Assume that p and ¢ are two open projec-
tions. We say that her(p) and her(q) are g-commuting if pg = gp. It was
proved [2] that if p and ¢ commute, then pg = r is an open projection as
well. It is easy to see that her(r) = her(p) Nher(q).

4.2. Theorem. If A is a o-unital C*-algebra with FS, then the following con-
ditions are equivalent:

(a) Interpolation by multiplier projections holds.
(b) If p and q are commuting open projections such that her(p), her(q),
and her(r) are all o-unital with pv q =1, then r = e + f for some projection
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e in M(B)N M(D) and some projection f in M(C)NM(D), where pg=r,
B =her(p), C =her(q), and D = her(r).

(c) Under the assumptions in (b), there is a sequence of projections {r,} in
D such that ||b(1 —r,)c|| = 0 forany b € B and c € C (consequently {r,} is
an approximate identity of D).

(c') Same as (c) expect that {r,} is required to be increasing.

(d) Under the assumptions in (b), there exist sequential increasing approx-
imate identities {p,} and {q,} of B and C, respectively, consisting of pro-
jections such that p,q, = q,p, (and so {p,q,} is an increasing approximate
identity of D).

(e) Under the assumptions of (b), there are sequential approximate identi-
ties {p,}., {a,},and {r,} of B, C, and D respectively consisting of projections
such that

(1) p,2r,<q, forn=1,2,...,
(2) 1Py (7 = P My (g =1l = 11, < 83 for 22,

where {d,} is any sequence of positive numbers such that Y J, < cc.

The proof will be given after the following remark.

4.3. Remark. In statement (e), condition (1) can always be achieved by Lemma
4.1. It can be done by fixing {r,} C D, choosing p, € B with r, < p,, and
choosing ¢, € C with r, < g, , respectively, for each n. So condition (2) is
the key point. Let us take a look at the condition (2) to see what it means: If
we write
a, b a b
Py — 1T, =( i ”) and q, ,—r,_ =<7 ,")

n—1 n—1 bn Cn n—1 n—1 bn cn
with respectto 1-r,_, = (r,—r,_,)+(1-r,),then a, = (r,—r,_,)p,_,(r,—1,_,)
and a, = (r, —r,_,)q,_,(r, = r,_,) . Therefore,

“ana:t“ = ”(rn - rn—l)pn—l(rn - rn—l)qn—l(rn - rn—l)”
< ”pn—l(rn - rn—l)qn—l(rn - rn-l)”
= ”(rn - rn—l)qn—l(rn - rn—l)pn—l(rn - rn-—l)qn—l(rn - rn—l)

1,172
< lla,a,ll .

1/2
1"

This means that ||ana;|| is small if and only if |p,_,(r, —7,_)q,_,;(r,—r,_ )
is small. The condition (e) is equivalent to (d), but the construction of {p,}
and {g,} in (e) should be easier. This is the motivation to prove such an
equivalence condition.

Now we turn to the proof of Theorem 4.2. We arrange the proof in the
following pattern: (a) < (b) in 4.4; (b) = (c) = (¢') in 4.5; (¢) = (b) in 4.6;
(b) = (d) = (e) in 4.7; (e) = (b) in 4.8.

4.4. Proof of (a) & (b). (a) = (b). Let py =1-p and p, = 1 —q. Then
p, and p, are closed projections in 4™, p=1-p, ,and ¢ =1—p,. Since
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pq = qp =r, it follows that p,p, = 0. By (a) there is a projection s € M(A)
such that p, <s<1-p,.

Let e =sr and f = (1 —s)r. Then e =sp and e+ f = r. For any b
in B, pb=bp =b and be = pbpe = pbep = pbsp € pAp since s € M(A).
On the other hand, be = b(ps) = (bp)s = bs € A. Then be € pApNAC B,
and so e € M(B). Clearly, e € M(D). Similarly, cf = gc(1 — s)q € gAq and
cf=c(l1-s)e A forany ce C. Hence f e M(C)nM(D).

(b) = (a) Let p, and p, be any two closed projections in 4™ such that
pp, =0. Then (1-p)(1-p,)=(1-p)(1 —p)=r and p,+p,+r=1.
Hence B = her(1 —p,) and C = her(l1 - p,) are g-commuting. It is obvious
that (1-p,)v (1 -p,) =1,ie, 4=her(BUC). By [l1, 3.30], there are g-
commuting hereditary C*-subalgebras B’ of B and C’ of C suchthat b€ B
and ce C',and B', C' and B'nC’ areall g-unital. Also her(B'UC') = 4. If
p; and p, are the closed projections corresponding to B' and C’ respectively,
then p, < p; (i=1,2) and p;p, = 0. Changing notation, we may assume
that B, C,and D =BNC are all g-unital.

Let r =e+ f for some e in M(B)NM (D) and some f in M(C)NnM(D).
Define s = p, +e;then | —-s=1-p —e = (p,+r)—e =p,+ f, since
p,+p,+r=1.Forany b in B, bs=b(1-p,)s=be € B, since e € M(B).
Thus s € M(B). Forany ¢ in C, ¢(1-s)=c(p,+f)=c(1=-p)p,+ f) =
cf € C,since f € M(C). Then s € M(C). Thus cs =c—cf € C. So
sEM(B)NM(C)cC M(A). The inclusion follows from herf(BUC)=4. O

4.5. Proof of (b) = (c) = (c). Since e in M(B) is a projection and A4 has
FS, there exist projections e, € D such that e, /" e and b(e—e,) — 0 in norm
for any b in B. Similarly, there exist projections f, in D such that f, /~ f
and (f — f,)c — 0 in norm for any ¢ in C. Let r, =e,+f,. Thenr, €D.
For any b in B and ¢ in C, we have

lb(1 =r,)cll = lb(r = r,)ell < llble — el llell + [1bIHI(S = f,)ell = 0
since bc = brc (see [11, 3.29]). It is obvious that {r,} is an approximate
identity of D. Hence, (b) = (c).

(c) = (c') Let {r,} be any sequence of projections (not necessarily increas-
ing) such that the condition (c) holds. Choose n, > 1 such that [[(1 - rnl)rl||
is small enough so that Lemma 1.1 applies to give a unitary u, in U (5) with
the properties ujr,u; <r, and |u —r| <eg . Let ry=r and ry = ulrnlu'f
Then r; <r,€D.

Choose n, > n, such that (1 - rnz)r'ZH is small. Then Lemma 1.1 applies
to obtain a unitary u, € U(D) with w;riu, < r,, and [u; —rf <. Let
ry=u,r, uy. Then ry <7j.

Proceeding in this way, we get a sequence n, / oo and a sequence of

unitaries {u,} C U(ﬁ) such that ||, —r| <e¢, and r:n < r:nﬂ =u,r, u:n €

D . By construction, {r:n} is increasing. It remains to show that ||b(1 —r;")c|| —
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0 forany b in B and ¢ in C. In fact,
I6(1 =1, )ell = 11B(r =1,y )el
S NB(Wy = 1)1 =1, Yyl + 16(r = 1, )(14, = 1)e]
+b(r =7, el
<2ldllliclle,, + llb(r =1, Jell = 0. O
4.6. Proof of (¢') = (b). Let b and c be strictly positive elements of norm 1
in B and C, respectively, and {r,} an increasing approximate identity of D
asin (c). Let {d,} be any sequence of positive numbers with ) > 61 < o0
and {¢,} a sequence of positive numbers such that ¢, <4,/ 6n’ for each n.
Since ||b(1 —r,)c|| — 0, we can choose n, > 1 such that
I6(1 =7, )ell = lIb(r = 1, )ell < 2.
Since ||b(1 —r,)cll — 0, we can choose n, > n, such that [[b(r —r, )c|| < &;.
It follows that
Ib(r,, = 1, )ell < lbtr = 1, )ell + 1b(r = 1, ell < &5+, < 26,

Recursively we can find a sequence n, / oo such that ||b(r —r, )c|| < ¢,
and so ||b(r, —r, _.)C” < 2,, m=2,3,.... Changing notation, we may
assume that ||b(r —r,_,)c|| <, and so ||b(r, —1,_|)cll <2,, n=2,3,....
2 2
Let ¢, = (r,—r,_,)c (r,—r,_;)- Then |lc |l = ||(r, —r,_)cll” < 1.
Case 1. There is N such that ||c,|| <J, forall n> N.
. 1/2 .

Since Yoy, I(r, — r,_ el < Z;";Nﬂén/ < oo, Yo (r,—r,_)c isa
norm convergent sum, i.e., r¢c € C . Since c is a strictly positive element of C,
re M(C). Clearly, re M(D). Let e=0 and f=r.

Case 2. There are infinitely many c, such that [|c,|| >4, .

Since A4 has FS, all her(r, —r,_,) (n > 1) have FS. For those n with
lic,|l =&, we can find a positive element /, € her(r,—r,_,) with finite spectrum
such that ||k, —c,|l <¢,. Then ||h, | > |lc,ll —¢, > d, — c$,,/6n2 >d,/2. By
operator calculus, there are mutually orthogonal projections e, in her(r,—r,_,)
and numbers ¢, >0 (1 <i<m,) suchthat h,=3Y""1 e, .

Since ||4,|| > J,/2, there must be some ¢,, > d,/2. Let

en = Z eni;

{i:1,,>6,/2}
then O #e, <r, —r,_, . Since

b Z tm'eni

{i:1,>d /2}

ni="n

1/2

bl Z trzu'enin

{i:t, >0 /2}

ni=%n

> (3,/2)|be,bl|"* = (8,/2)|lbe, ||,

it follows that
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llbe, Il < (2/8,) ||

Z lm ni

mn
Z tnieni
{i:1,,>6,/2} i=1

(2/9,)lIbh, || < (2/8,)ll1b(h, —c,)Il + [lbc, 1]
< (2/9)U1Bl NIk, = c,ll + 116(r, — 1, _ellllell]

< (2/8,)le, + 2¢,] = 6¢,/9, < 1/n’
for those n with ||c, || >d,. Let d, =(r, - rn_1 —en)cn(rn —r,_,—e,) . Then

< (2/6,)

+ Il( — e,,)h (r —e,,)ll
< “cn - hn“ + Z L€
{i:1,<8,/2}
<e,+06,/2<6,/6n" +5,/2<5,.
Hence ||(r,—r,_,—e,)cl = 1(r,=r,_ —€,)c,(ra—ra_, —e NI = lld,|I'* < 6}/

and so ), . le, 139 }( —r,_, —e,)c is a norm convergent sum. On the other
hand, ) (n:lle,l<6 }(r r,_,)C is a norm convergent sum by the same argument
as in Case 1.

Define
f= Z (rn_rn—l)+ Z (rn_rn—l _en)'

{n:lle,li<d,} {n:lle,l126,}

As in Case 1, we can show that f € M(C)NM (D). Let e =3 1, | 55}€,-
Then r=¢e+ f and e € M(B) N M(D), since T

b S el X ||ben||<il/n2<oo,

{n:llc,lt>3,} {n:llc,lI>d,} n=1
andso bee B. O

4.7. Proof of (b) = (d) = (e). ‘(d) = (e)’ is trivial.

(b) = (d). Since A4 is og-unital with FS, B and C have FS. By hypothesis
together with Proposition 1.2 and [11, 3.34], eBe and fCf have increasing
sequential approximate identities {e,} and {f,}, respectively, consisting of
projections. Let r, = e, + f, foreach n. Then {r,} is an approximate identity
of D consisting of projections, since r = e+ f and ||d(r—r,)| < ||[d(e—e,)||+
ld(f - f)Il =0 forall d in D. Since pg=gp=r, p+qg—r=1. Let
p'=1-pand ¢ =1—q. Then p’ and ¢  are closed projections in 4. Let
s=p'+e. Then s € M(C),since s =1-p+e=q-r+e=qg—f and f € M(C)
by hypothesis. Similarly 1 -s=p—-e € M(B) and 1-s5= g + f. There exist,
therefore, increasing approximate identities {p;} and {q,'l} of (1-5)B(1-y)
and sCs, respectively, consisting of projections. Since f, < 1—s forall n,
Lemma 4.1 applies. Then there exists a sequence m, / oo and a unitary
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u € (1 —s)M(B)(1—s) such that f, < up, u" for all n. Similarly, e, <s
(Vn) implies the existence of /, / oo and a unitary v € sM (C)s such that
e, <vq1v for all n. Let p, -up u* +e, and g, —vq,v + f, forall n.
It is clear by construction that {p,} "and {q } are increasing. We claim that
{p,} and {g,} are what we want.

First, p,q, = (up:nnu* +en)(vq1’"v* +f,)=e,+f, =r, forall n,since f, <
up, u"<l-s,e, <vg v <s,and e, f, =0. Similarly ¢,p, =r, forall n.
Secondly, forany b € B, ||b(p—p,)|l < |bul(1-5)-p,, 1u"||+|ble—e,)] — 0,

. ! . . .
since e, / e and Py /" 1 =5 in the strict topology of M(B). Hence {p,} is
an increasing approximate identity of B consisting of projections. Similarly,
{g,} is an increasing approximate identity of C consisting of projections. O

4.8. Proof of (e) = (b).

-, —p,_ N, —r,_a-(a,—a,_)I=p,_(r,—1r,_)q,_,
for each n > 2 by condition (1). Since Y .- &, < oo, we may assume that
6, < 1/4 for all n > 2 (delete some terms and rename p,, q,, and r, if

necessary).
Let

Xp = (r =, l)(q n—l)(rn_rn—l)
and
Vo=, =r,_)la—(q,—aq,_)Ir,—r,_)).
Then y, = (r,-r,_,) —x, for n>2.

Case 1. There is an N such that ||y, || < 63 if n>N.

For each n > N, x, is invertible in (r, —r,_,)D(r, —r,_,). Asin the
proof of [20, 2.1], we can choose v, in her(r, — rn 1»49,—4q,_,) C C such that
VU, =T, =Ty s V0, <q,—q,_;,and ||(r,—1,_) -, <6, +6f <20,. 1t
follows that ||v, — v, || < |lv, — (r, —r,_)Il + ||( w = Tuet) = U < 49,.

Define v =Y (v, +ry_, € C . We show that v € M(C). In fact, for
any N, >N, >N andany ce C,

2 N,
c| > v, e
n=N,
< ”C(qN - qN _1)C*” -0
as N, — oco. On the other hand, since ) ., d, < co, then

8 e[| [324]-
2l

<

N,
¢ I:Z (qn - qn-l) ¢
n=N,

n=N,

N,
< 4lc|| [ 5,,J +
n=N,
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as N, - oo. Hence v € M(C) and so r = v'v € M(C). It follows that
re M(C). Itis trivial that r€ M(D). Let e=0 and f=r.

Case 2. There are infinitely many »n such that ||y, || > 63 .

Since A has FS, we can find a positive element 4, € her(r, —r,_,) for those
n with |y, | > 62 such that ||y, = h | = 7, < mm{62, 53 - 1,)/2}, and

h,)={t,:1<i<m}CR". Then h, =Y /"1t e, for some mutually
orthogonal projections e,; in her(r, —r,_,).

Let e, = Z{i:t,,,>63—y,,}eni' Then 0 #e, <r,—r,_,,since ||h,| > [y,ll -

Vp > 53 -7, - Since

-0, -2, )1 > teenl 262 =)l — @, - p,_)le,ll,

{i:t,>62-,}
we have

e = (p, = P,_)le,ll

<@ -v) -, -0, Y e
(i1, >62-7,}

<& =y, = (0, = p,_ ),

< (&2 =y I, - v, ||+||[p—(p,,—p,,_.)]ynu}

= (82 =) Wy + Dy (7 = 1)y (=1 DI
(,f 70) (*/,,+#,,)

2 3 3 2

<@ =)', + 6 =201 = (6 - 2,)/(6) =, <8,

where 7, < ((5: —u,)/2 and J, < 1. Thus we get

2 2

le, —e,(p, —p,_)e,l = llp — (, = p,_))]e,ll” <9,.
By the same argument as in Case 1, there are u, € her(en ,p,—P,_,) CB
for those n with |y| > 5: such that wu, = e,, uu, < p,—p,_,and

lu, —u,ll <4d,. Let f, =r, —r,_, —e,. Then f <gq, and
WSyl S UL, = h) Ll + Lk, Ll
<y, + (0 —7,) =0
It follows that |If, = £,(d, — 4,_) /| = 15,4,y = 0, f )l < 6,

By the same argument as in Case 1 again, we can find partial isometries w,
in her(f,, g, —4,_,) C C such that

* * *
ww,=f, ww, <q,—-q,_,, and |w,—w,| <49,

n
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for those n with ||y, | > 53 . For those n with ||y, || < 53, using the same
argument as in Case 1 once more we can find partial isometries v, € C such
that

* *
Vv, =r—r,_,, VU <q,—4,,, and v, —v,| <45,

* %
Define u = Z{n 1562} Yn € B and

v= Y v+ > w, €C™.

{n:ly, <82} {n:ly,I>82 and e, £r,—r,_,}

We leave it to the reader to check from construction that ¥ € M(B) and v €
M(C). Let e = u'u and f = v*v. Therefore, ¢ € M(B) N M(D) and
feM(C)nM(D) are as desired. O
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